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Abstract 

In this paper we construct the time dependent boundary states describing the "rohing 
D-brane solutions" in the NS5 background discovered recently by Kutasov by means of 
the classical DBI analysis. We first survey some aspects of non-compact branes in the 
NS5 background based on known boundary states in the M = 2 Liouville theory. We 
consider two types of non-compact branes, one of which is BPS and the other is non-EPS 
but stable. Then we clarify how to Wick-rotate the non-BPS one appropriately. We show 
that the Wick-rotated boundary state realizes the correct trajectory of rolling D-brane 
in the classical limit, and leads to well behaved spectral densities of open strings due 
to the existence of non-trivial damping factors of energy. We further study the cylinder 
amplitudes and the emission rates of massive closed string modes. 



1 Introduction 



Time-dependent physics in string theory is challenging and includes many puzzling issues, 
while important for many applications in cosmological problems, for example. Typical time- 
dependent processes in string theory could be accompanied by radiations of massive as well as 
massless string modes, often giving rise to Hagedorn-like divergences. The most naive approach 
to these problems is to use the low energy effective field theories, neglecting the effects of 
radiations at the stringy level. In case of the brane dynamics it is reduced to the supergravity 
coupled to the Dirac-Born-Infeld (DBI) action. A direct worldsheet approach to the time- 
dependent string theory is usually much more difficult. One of the well-studied subjects is the 
time evolution of unstable D-branes in the flat (or almost trivial) backgrounds, that is, the 
problem of rolling tachyons or s-branes e.g. [1, 2, 3]. 

A more ambitious problem may be the time- dependent string or brane dynamics in curved 
backgrounds. A significant background that is solvable by the exact worldsheet CFT is the 
system of coincident NS5-branes. It is familiar that the near horizon physics of NS5 can be well 
captured by the Callan-Harvey-Strominger (CHS) superconformal system [4]. It is expressed as 
the SU{2) (super) WZW model tensored by the linear dilaton theory describing the throat of 
NS5 [5], which may be rearranged as the M = 2 super Liouville theory coupled to the A/" = 2 
minimal model and has been proposed to be holographically dual to the 6-dimensional Little 
String Theory (LST) [6, 7, 8]. In this work we potentially make use of known results in (A/" = 2) 
Liouville theories and related topics without giving detailed explanations. See, for instance, [9] 
for a review and a detailed list of literature. 

Recently, Kutasov has studied the time evolution of D-branes near the stack of NS5-branes 
by using the DBI action [10], emphasizing the formal resemblance to the rolling tachyon problem. 
It is quite interesting that the radial position of D-brane plays the similar roles to the rolling 
tachyon field. He found a time-dependent solution which we shall call the "rolling D-brane" in 
this paper. That looks like 

-Q± Tp , Qt 

e 2 = ^cosh— , (LI) 

where Q = \/2/N is the amount of the linear dilaton (A^ is the NS5 charge) and Tp, E are the 
tension, energy of Dp-brane. After emitted from the NS5-branes in the infinite past, the rolling 
D-brane is attracted by the gravitational force from NS5, and reaches the maximum position 
in the radial direction at a certain time. Then it is eventually reabsorbed into the NS5-branes. 
He has pointed out that, after making the Wick rotation, the orbit of rolling brane is identified 



as the "hairpin brane" solution presented in [11] ^ , which is constructed in a bosonic CFT of 
two scalar fields. 

In this paper, inspired by these observations, we study aspects of the rolling D-branes by 
the methods of boundary conformal field theory (BCFT). In order to construct the boundary 
states for the rolling branes, we start from the known boundary states describing non-compact 
branes in the M = 2 Liouville theory. It is simply regarded as the supersymmetrized version 
of the hairpin brane of [11]. Indeed, the authors of [11] have introduced the screening charges, 
which are just regarded as the sine-Liouville type potentials. Then they illustrated that the 
chiral algebra compatible with these screening charges is the W-algebra, of which their hairpin 
solution has been made up. The supersymmetrized version of sine-Liouville theory is known 
to be the M = 1 Liouville theory, and the W-algebra used in [11] should be replaced with the 
M = 1 superconformal algebra (SCA). Therefore, observing the manifest resemblance of their 
boundary wave functions, it is quite natural to expect that the hairpin branes in the M = 1 
Liouville theory are identified as the "class 2 branes" introduced in [13, 14].^ They are defined 
associated to the non-degenerate representations and regarded as the M = 2 extension of the 
FZZT branes [19]. We will directly clarify this point by analysing the position space boundary 
wave functions. Even though the NS sector of our hairpin brane has the almost same structure 
as the bosonic one [11], the analysis on the R sector sheds new light on the physics of non-BPS 
D-branes in the NS5 backgrounds. 

We then try to make the (inverse) Wick rotation of the hairpin branes into time-dependent 
boundary states. As we will see, the naive Wick rotation in the momentum space does not 
work. Actually, if we do it, due to the bad UV behavior we can obtain neither a sensible open 
channel spectrum nor the correct classical orbit of rolling brane. We propose how one should 
correctly perform the Wick rotation, and show that 

(1) we obtain the expected trajectory of rolling D-brane solution in the classical limit, 

(2) we obtain well-defined spectral densities of open strings as opposed to the naive rotation. 

Interestingly, our procedure of Wick rotation gives rise to a damping factor of energy similar 
to the prefactor characteristic for the rolling tachyon solution [1]. It yields an improved UV 
behavior that makes it possible to gain the well-defined spectral densities. We further analyse 
the cylinder amplitudes and the rates of the closed string emissions in the rolling process. 



^The closely related Dl-branc solution in the S'L(2;R)/C/(1) coset CFT was constructed in [12] earliar than 

[11] was published. 

^See also [15, 16, 17, 18] for closely related studies. 



Throughout this paper we shall use the convention a' = 2 and set q = e^'^^'^ as usual. 
T{e R>o) and t(= 1/T) will be used as the closed and open channel moduli respectively in 
cylinder (annulus) amplitudes. 



2 Non-compact Static Branes in NS5 Backgrounds 



In this section we study two types of static D-branes in the NS5 background, one of which 
is BPS and the other is non-BPS but stable. Throughout this section we choose the Neumann 
boundary condition along the time direction. 

It is familiar that the stack of N NS5-branes is described by the CHS superconformal system 
[4] in the near horizon limit; 



R"'' X R^ X SU{2) 



N-2 



R 



5,1 



[R^ X Sl^] X M 



N~2 



(2.1) 



^N 



where Mk denotes the J\f = 2 minimal model with level k (c = k/{k + 2)) and R,^ x Sy means 
the Af = 2 Liouville theory with c= 1 + Q^ = 1 + ;^. The ZTv-orbifolding is defined with 
respect to the total M = 2 f/(l)-charge as in the Gepner models and assures the space-time 
SUSY. The criticality condition is satisfied as 



2 



I'- 



(2.2) 



along the transverse direction of NS5. The compact boson Y has radius Q and roughly identified 
with the J^-direction of 5'f/(2)-WZW model. The linear dilaton is parametrized as $(</>) = — -f 
in our convention. Namely, cf) ~ +oo is the weakly coupled asymptotic region, and cf) ~ — oo 
is the strongly coupled region near the NS5-branes. The M = 2 superconformal currents are 
explicitly written as 



T = 



-\{dYf-\m'-^d^ 



- o 

v2 v2 



dm+m-) 



(2.3) 



where Y{z)Y{Q) 

-i=(^^±zV^*). 



QidY 
In 2, 0(^)0(0) ~ - 



\nz, ^±(2)^^(0) 



z 



(2)^^(0) ~ 0, and *^ 



Without any marginal deformations, that is, treating as a free conformal theory, the stack 
of NS5-branes leads to a singularity at which the dilaton blows up. A better treatment is to 
incorporate the A/" = 2 Liouville type potential that prevents strings from propagating in the 
strong coupling region. The standard choice of Liouville potential is the chiral one; 



/i f d^z^-^-e~h('f'+iY) + {c.c) 



(2.4) 



which is naturally regarded as the supersymmetrized version of sine-Liouville type potential. 
This deformation amounts to distributing the NS5-branes at equal distances on a circle of 
radius r ~ |/i|^^^ (see e.g. [8]). It breaks the S'f/(2)-rotation symmetry in the CHS model, but 
preserves the M = 2 super conformal symmetry (2.3). 



2.1 BPS Non-compact Branes in the NS5 Background 

We first study the BPS D-branes with non-compact worldvolumes. All the things here are 
compatible with the marginal deformation (2.4). We consider the boundary states constructed 
as 

• MAr_2-sector : (A-type) Cardy states |L, M)^''\ a = NS, R, L = 0, . . . , iV-2, M e Z2N, 
L + M e2Z. (See e.g. [20].) 

• R^ X Sy-sector : The (A-type) "class 2 states" constructed in [13, 14] which corresponds 
to the extended massive characters (Q = yl/N)] 



/■oo 

\B-P,M'f^= dp Y. '^%'{P.^)\P.^)) 
*pL'(p,^) = Q'/' e-2-' w' cos(27rPp) 



,W (^ ^^ - n3/2.-2.,,i^_ .o^p.^ T{-iQp)T (1-^1) 



'2' 2 Q \2 2 



1 _L m-v{cr) _ 4V_\ r ( \ .^ m~iy{a) _ ^ p_ 

2.5) 



where we set ^{a) = 0, 1 for o" = NS, R respectively, and omitted the phase factor depend- 
ing on the (renormalized) cosmological constant. The R-sector boundary wave function is 
defined by the 1/2-spectral flow. \p,m))^'^' denotes the A-type Ishibashi states (namely, 
Dirichlet along Y) associated to the extended massive character x^'^^ {p, ^ defined by [13] 

x(-)(P,^;r,z) = g^e„,^ (r,|) ^i^ , (2.6) 

where 6\^a\ denotes ^3, ^4, 62^ iOi for a = NS, NS, R, R respectively. 



The desired BPS brane is given by 

\B; L, M, P, M')(") = AfP^iosed [\L, Mf^ ® \B; P, M'f^'\ , (2.7) 

where A/" is a normahzation constant^ and Pdoscd is the projection operator to the correct closed 
string spectrum in the ZTv-orbifolded theory. Especially, Pdosed restricts the total t/(l)-charge 
to be an integer. Note that, with the existence of Pdosed, the boundary state |P; L, M, P, M'y' 
actually depends only on the sum M + M' . We may thus simply set M' = 0, and express it as 
\B; L, M, Py' from here on. 

It is instructive to calculate their overlaps (cylinder amplitudes) explicitly. A non-trivial 
point is the insertion of Pdosed, which is translated into the spectral flow sum in the dual open 
string channel. The next identity is useful in the following calculations; 

= -|cosh( -^ J +cos(7rm)l . (2.8) 



, , p .m 

COShTT — ■ + 2 — 

Q 2 



Note that, for the R-sector, the shift m ^ m — 1 leads to an extra minus sign for the cosine 
term. 

The desired overlap is then calculated (up to overall normalization) as (t = '^/T, a = NS, R) 

x{p,{p\P,,P,)x^^-^\p,m;it,0) + i-ir^''hp2ip\Pi,P2)x^'-''\p,m + N;it,0)} , 

"'O 1-0 a7 

m+£e2Z+l 

X {pi(p|Pi, P2)X^''-'\P. m- It, 0) + (-l)^('^)2p2(p|Pi, P2)x^''-''\p, m + iV; ^t, 0)} , (2.9) 

where we set 

^■NS = NS, ^■NS = R, ^■R = NS, ^■R = R, (2.10) 

and A^l^ ^^ is the fusion coefficient of SU{2)]y^2- (The R-sector amplitude trivially vanishes.) 
■^This normalization constant Af should be determined by the Cardy condition for the cylinder amplitudes 
including the open strings that belongs to the discrete representations. We can determine it as A/" = V^ by 
considering the overlaps with class 1 states as in [13]. In any case its explicit value is not important for the 
analysis in this paper. 



The open channel spectral densities pi(j)\Pi, P2) are evaluated as follows; 

p,(p|P,,P2)= Hdp' cos(27rppO y- cosh f 27r f i + zeiPi + zesPal J>'1 , 

(2.11) 

p,ip\P„P2) = Hdp' . ^/"f^f^^^\,.,,, E cos(27r(P, + eP2)j>') , (2.12) 

Jo sinh(7rQp')sinh (-^j ^^-^ 

which can be expressed by the q-Gamma functions [19] after subtracting the IR divergences at 
p' = 0. The remark below (2.8) is the origin of the extra phase (— 1)*^*^°") for the p2-ternis. 

We can show that the brane configuration is supersymmetric, if (and only if) Mi = M2 ( 
mod 2N) is satisfied. We demonstrate this fact by observing a simple example: the self-overlap 
of \B; L = 0, M, P = 0) . The relevant calculation is as follows; 

Z = (NS) (p; 0, M, 0|e--^^'^' \B; 0, M, 0)^^^) ■ (^-^) ' (zT) 

-(NS)(5.0,M,0|e--^^'^'e-^(-^°+^«)|5;0,M,0)("'') ■ (- V (zT) 
-(^) {B; 0, M, 0|e-'^^^'^' \B; 0, M, 0)^^^ ■ T^] ' (zT) 

= E<^) E rrfpch(-l^(zt,0)Li(p)x('^nP,^;^i,0)- ('^y(^t) 



meZ2ivn(2Z+!^((T)) 



^^ ^^ 



+ (-l)'^(^-)2p2(p)x^'^Hp,^ + A^;^^,0)-(^^j (,t)l , (2.13) 

where we set e(NS)(= e(R)) = 1, e(NS) = e(R) = — 1. We here implicitly incorporated the 
contributions from free fermions in the fiat space-time. The spectral densities here are written 
explicitly as 

/.oo cos(27rj9j9') cosh (^) 
Mp)^MpM^41 ,,'—^—^-±^, (2.14) 

,,p).,.(p|0.0)^2f*'-j^^^g||^. (2.5) 

Using (A. 6) (take care of the relative minus sign in the NS-character) and the branching relation 
(A.l), we further obtain 



7,2 

oo ^_27rt-S- 



Z= I dp ^—-^ (pi(p) x[>''-"\^t) + 2p2{p)xZ-2'\tt)) 



e-A\... fe,\\... fe^^' 



X <! ( ^J m - [j^j m - [j^ ) {it) ;. = , (2.16) 



where Xe ~ (t) is the spin i/2 character of SU{2)n_2. It is easy to generahze this evaluation to 
the cases with general Lj, Pi and we again obtain vanishing cylinder amplitudes. On the other 
hand, as discussed in [21], in all the cases of Mi ^ M2 (modA^), the open channel characters 
include fractional f/(l)-charges and do not cancel with one another. Moreover, in the cases of 
Ml = M2 + A^ (niod2A^) we find the inverse GSO projection in the open channel. 



2.2 Stable Non-BPS Branes in the NS5 Background : Hairpin Branes 

We next study the boundary states that are similar to (2.7) but have a significant difference 
in the physical interpretation. The idea is very simple: We shall replace the compact boson 
y, which is transverse to NS5, with a non-compact (space-like) boson X parallel to NS5. We 
later try to perform the Wick- rotation of X to the time coordinate X^ . A subtlety emerges 
since this formal replacement leads to the other A/" = 2 superconformal currents defined with 
respect to X, rather than Y , 0, which are not compatible with the Liouville potential (2.4). 
Therefore, we shall consider the model with no marginal deformation for the time being. In 
other words we consider the truly 'stacked' NS5-brane configuration. We later discuss how we 
should incorporate a marginal deformation that avoids singularity and is compatible with our 
D-brane solutions. 

In order to achieve the desired boundary states, all we have to do is to take the decom- 
pactification limit in (2.5), which makes the [/(l)-charge continuous. The 5'f/(2)-part is now 
completely decoupled and we omit it here. One may tensor any Cardy state in the (super) 
S'?7(2)Ar_2-sector \L) that is quite familiar [22]. For example, |L = 0) (|L = A^ — 2)) corre- 
sponds to a DO-brane located on the north (south) pole on S^ (see e.g. [23, 24]). The desired 
boundary state is written as 

1*00 noo 

\B- P, Q)M = / dp da m%{p, a) |p, a)f^ , (2.17) 

where the Ishibashi states |p, a)) are defined associated to the irreducible massive characters 

chM(p,a;r,z) = g^+^e^^ M!2|) . (2.I8) 



It is useful to introduce the rescaled f/(l) charge as g = -^ so that the conformal weight becomes 

2! _i_ 2!. 
2 ~'~ 2 



h = ^^ + ^ + %- for the NS sector. We also change the normalization of the Ishibashi states 



accordingly. Then the boundary wave function is given by 
¥;hp, q) = v^Qe-2-t cos(27rPp) 



rHQp)r(i-z|) 



T[l-i^ 



q_ _ u(^\ -r i 1 — iJL — ± A_ '^(°") 



z/(NS) = , u{R) = 1 



(2.19) 



This is naturally regarded as the supersymmetric extension of the "hairpin brane" presented in 
[11]. 

To clarify the shape of D-brane (2.17) it is helpful to analyse the position space wave function 
obtained by a simple Fourier analysis. Our goal is to derive the hairpin shape of D-brane from 
the boundary wave function (2.19); 

Qx 



re 2=2 cos 



(2.20) 



We focus only on the NS sector and fix P = Q = for simplicity. 
The Fourier transform of (2.19) is defined as 

dpdq 



§(NS)( 



),xj 



(27r) = 



■e-*P^e-^«^^(^^)(p,g). 



Using the formula 



e^'^dt 



,T{x + t)T{y-t) 
we can perform the g-integration as follows 



9{7i-\a\) 



[2cos(a/2)]^+2^-2 
r{x + y-l) 



Ja{y-x)/2 



(2.21) 



(2.22) 



-iqx 



'dq 



Ffi 

oo -^ V 2 



1. ^jP.]r(l. + ± _jP.) 



Q 



2cos^ 



i22-l 



r(-i^) 



^2 



Qx 



(2.23) 



Note that this integral vanishes for |-^| > f due to the Heaviside function. This is consistent 
with the fact that the hairpin D-brane (2.20) lies only in the region |-^| < |. We will assume 
|-^| < I from now on. After the integration of g, the Fourier transformed wave function is 
given by 

Again we can perform the integral using the following formula 



— ^2cos^j - e-^^t>T{l-tQp). 



(2.24) 



yielding 



¥^'^\<t),x) 



dtT{a - t)z^ = 27riz''e-' for a > 
V2 



7rQ(2cos 



Qx\ s 



T^exp 



e 2 



Q 



2 cos ■ 



(2.25) 



(2.26) 



Qx\Q^' 
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We find the wave function \l/''^^''(0, x) lias a peak at tlie trajectory of the hairpin curve (2.20) in 



the case oi r = 1, i.e. e 2 =2 cos ^. Especially in the classical limit N ~ cxd, we can neglect 
the gamma function in eq.(2.24) and '^^^^\(l),x) behaves like the following delta function 

^(^s)(0, x) ~ 5(0 + ^ In 2 cos — ) ~ 6{e-^ - 2 cos — ) , (2.27) 

which reproduces the expected hairpin shape (2.20) with f = 1. 

It is easy to generalize to the cases with general f > 0. This is simply achieved by the 
zero-mode shift of as — > 0' = — -^Inf in (2.26), which amounts to including the extra 
phase factor e*"2 "^^ in the momentum space wave function (2.19). According to the standard 
argument in Liouville theories, this phase factor could be identified as the contribution from 
the (renormalized) cosmological constant, as discussed in [11], after incorporating the suitable 
Liouville potential which we will discuss later. One can also analyse likewise the cases with 
general P, Q. The inclusion of Q simply gives rise to the parallel transport of the hairpin 
brane in the X-direction.^ On the other hand, the inclusion of P modifies the shape of hairpin 
in a more non-trivial manner along the radial direction 0, although we do not give detailed 
calculations here. 

As opposed to (2.7), the boundary states (2.17) does not preserve the space-time SUSY at 
all. Namely, this is a non-BPS brane. ^ To show this fact let us evaluate the self-overlap as 
before. (We again assume P = Q = for simplicity.) 

Z = / dp dq p^^^\p,q)ch^^^\p,q;it,0) 

Jo ^ J -00 J^ 

-p('^s)(p,g)ch(^s)(p,g;^t,0) +p(^)(p,g)ch(^)(p,g;^t,0)] , (2.28) 

where the density of states is given by 

/•OO /'OO 

p(NS)(p^^)=p(R)(p^^) = / dp' dq'2cos{27rpp')cos{2TTqq')\<il^'''^\p',q')\^ 

Jo J~oo 

= Pi{p)S{q)+P2{pmq-Q-') + S{q+Q-')], (2.29) 

for the open NS, R sectors, and 

_, poo /"OO 

p^^^\p,q) = / dp' dq'2cos{27rpp')cos{27rqq')\¥^\p',q')\^ 

Jo J -00 

^By the same reason the position space wave function in the R-sector is given by simply multiplying e"®'^ 

to that of the NS sector. 

^Thc non-BPS nature of (2.17) originates from the fact that, although it has been constructed based on an 

J\f ~ 2 superconformal structure, the GSO condition here is not correlated to the C/(l)-current of this J\f = 2 

SCA. (See the comments below.) Interestingly, it seems to be a different feature from the familiar non-BPS 

branes in flat backgrounds (sec e.g. [25]). In fact, our non-BPS branc (2.17) has non-vanishing RR-charges like 

the usual BPS branes and is called "BPS" in [10]. 

9 



= Pi(p)%)-P2(p)[%-Q-') + %+Q"')], (2.30) 

for the NS sector. The spectral density pi for each GSO projected sector are given in (2.14), 
(2.15). 

These expressions clearly explain the aspect of open GSO projection. The sign difference 
in front of the p2 originates again from the remark around (2.8). It indicates that the string 
stretching between the different asymptotic sides of hairpin have the opposite GSO projection 
from that on the same side. This fact implies that SUSY cancellation occurs only in the pi-part, 
while does not for the p2-part. 

On the other hand, let us recall the BPS brane case (2.7). Thanks to the interplay between 
the spectral flow summation and the minimal model characters, the net contribution from this 
sign difference cancels out. In the end we have the same SUSY cancellation mechanism for both 
the pi and p2 parts. 

To close this section we make a few comments: 

1. As promised before, we here discuss the proper marginal deformation to avoid the singularity 
at ~ — oo. One might suppose that we only have to use the chiral Liouville potential (2.4) 
with simply replacing Y with X. However, this is found not to work. In fact, the space-time 
SUSY in the CHS background is realized by the spin fields defined by the bosonizations as 

idH^ = ij^-^j^ , idHi = ii/j^i/j^ , idH2 = i^J^^J^ , tdHs = ix^x^ , idH^ = ix^i/j''' , (2.31) 

where ip^, (/i = 0, . . . , 5), ip'^, x\ (^ = l7 2,3) are free fermions along the directions R^'^, R,^, 
SU{2) respectively. (We can choose, say, ip^ = ip'^ ■) The requirement of BRST invariance 
makes the H^ and H^ spin fields correlate, leaving only the 16 supercharges (together with 
the right mover) as is well-known. In other words the space-time supercharges must include 
the spectral flow operators associated to the total A/" = 2 f/(l)-charge in the coupled system: 

. The Liouville potential (2.4) is compatible with the space-time SUSY in 

this sense, while it is not after replacing Y with X. This type Liouville potential is not local 
with the supercharges constructed from (2.31) and breaks the translational invariance in R ' . 
Consequently, we instead propose to take a marginal deformation of the "non-chiral Liouville 
potential" (up to total derivative); 

p' f (fz {idX + iQtp^^^) (idX + iQi^'^'tp^] e'^^ . (2.32) 

This preserves the A/" = 2 superconformal symmetry, and furthermore is compatible with the 
GSO projection, since it includes even number of fermions. It also preserves the translational 
invariance because of the absence of zero-mode of X. We note that the boundary wave function 

10 



(2.19) is the one consistent with the M = 2 Liouville interactions, which is obvious from the 
construction. Especially, it satisfies the correct refiection relation [26, 27]. We thus conclude 
that our hairpin brane (2.17) is consistent even under the marginal deformation (2.32). It is also 
worthwhile to mention on the duality between the marginal deformations of the types (2.32) 
and (2.4) (with Y replaced by X) conjectured in [27] (see also [9, 16]). 

2. As we discussed above, the hairpin brane (2.17) is non-BPS. The most intuitive under- 
standing of this fact is achieved by observing the Chern-Simons term in the DBI action for 
the hairpin brane. By directly substituting the hairpin solution (2.20), one can easily find that 
the hairpin brane (2.17) looks like DD-system in the asymptotic region </> ~ +oo. This fact 
matches with the above analysis of cylinder amplitudes, supporting the validity of the bound- 
ary wave function (2.19). The p2-part of amplitude is identified as the DZ)-open strings in the 
asymptotic region. It is worth noting that the tachyonic modes in such Z)Z)-open strings are 
actually massive for arbitrary N > 2 due to the energies of stretched strings with the length 
2n/Q = Tiy2N (together with the massgap Q^/8 = 1/(4A^)). See the left figure in fig.l. There- 
fore, this brane is a non-trivial example of stable non-BPS D-branes. ^ Note that the Liouville 
potential (2.32) could prevent the stretched Z^D-open strings from shrinking around the corner 
of hairpin. 

On the other hand, the BPS brane (2.7) looks like DD-system rather than DD in the 
asymptotic region. To figure out this fact, let us first recall the CHS geometry (in the string 
frame) ; 

ds"" = rj^^dx^dx"" + (l + ^)dx"^dx"^, e2(*"*«) = 1 + ^, H^^p = -elnpd,<l> (2-33) 

where we defined r^ = x'^x"^ and the linear dilaton coordinate is related as </> = \/Na' In y 77^ 
in the near horizon limit. The index // runs to 5 and the index m runs 6 to 9. Consider 
the hairpin D-brane whose x direction (5*^) is chosen in 5*^ (see the right figure of fig.l). At 
first glance it may appear asymptotically a DD system as above, since the direction of the 
D-brane becomes opposite in the asymptotic region in this figure. However this is not the 
case, because this hairpin curve (2.20) is a straight line in the coordinates x™. In the CHS 
background with the coordinates (2.33), Killing spinors are constant up to a certain function 
/(r), implying this is indeed a DD system. In other words, the two asymptotic sides of hairpin 
^Here, "stable" means nothing but to have no tachyonic modes in the open string channel. However, it is 
plausible to expect that this brane is really stable, at least perturbatively, against the gravitational attractive 
force after turning on the Liouville interaction, since we could not have any marginal perturbation consistent in 
the boundary Af ~ 2 Liouville theory which alters the distance ^ 1/Q between the asymptotic D-D branes. It 
is challenging and interesting to investigate this aspect more rigorously. 
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correspond respectively to the DO-branes located at the north pole {i.e. \L = 0)) and the south 
pole (|L = A^ — 2)) of S^, both of which have the same signature of the RR-charge. All of these 
features completely match with our observations of the cylinder amplitudes, especially with 
respect to the sign difference in the p2-terms between (2.16) and (2.30). 
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Figure 1: Hairpin curves in several directions 



3 Rolling D-branes in NS5 Backgrounds 



As we declared, we now attempt to make the Wick rotation of X to the time coordinate 
X" in the non-BPS hairpin brane (2.17) to construct the boundary states describing the rolling 
D-brane solution (accompanied by the replacements X — > X*^, ip^ -^ ip-^ in (2.32)). We 
again concentrate on the P = Q = case to avoid unessential complexities. 



3.1 Wick Rotation to the Rolling D-brane 



First of all, let us try to make the naive Wick rotation q ^>- iu m. (2.19), i.e. 



2p 



S-Sp-) = v^Se-« 



Inr 



T{-iQp)T{l-i% 



s- 



n\+^^ 



wa 



where we introduced the parameter r in (2.20) which will be identified as r = — in the rolling 
D-brane solution (1.1). Unfortunately this result is physically unacceptable because of the bad 



(3.1) 
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UV behavior. We cannot Fourier transform it and thus cannot reproduce the correct trajectory 
of the rolhng D-brane solution (1.1). In fact, the absolute square of this wave function behaves 
as 

,NC.^ , COsh(^) + COsh(^) 

smh{7i Qp) sinh(-^) 

which is divergent under u; ^ cxo. 

On the other hand, the following wave function is physically acceptable, which is obtained 
via the Wick rotation in the position space x — > it; 



V2 



e s 



^^'''\<P,t) = ^ _^exp -;- -, 0'^0-_lnf. (3.3) 



7rQ(2coshf)^ ^ (2coshf)^ 



2 



Q 



As is obvious from the construction, the peak of this wave function is located at the trajectory 
of the rolling D-brane (1.1). In addition this wave function vanishes as |t| — > oo due to the 
suppression factor ~ 1/cosht, as expected from the low energy analysis using the DBI action. 
It has a well-defined Fourier transform; 



/C30 /"OO 

d<f) rfte*^'^e-^"*^(^s)(0,t) 
-oo J ~oo 

= ^et"^T(l - tQp) r dt f2cosh^)"^*"'e-*. 



(3.4) 



In fact, the integral in the second line is manifestly convergent. 

One might ask why the naive Wick- rotation leads to a wrong result. The answer is very 
simple: Due to the existence of Heaviside function the R.H.S. of the formula (2.23) is not 
analytic and we cannot analytically continue it. 

Another natural question would be how we can reproduce the position space wave function 
(3.3) from the one in the momentum space. To answer the question we return to the wave 
function of hairpin brane (2.19). To simplify the arguments we eliminate Q by redefining the 
momenta and positions like ^ — > P and ^ —^ x. Again due to this Heaviside function, the 
contribution of the hairpin D-brane comes only from the region — 7r/2 < x < 7r/2, 



dx(2cosx)---e- = ^n_._^yr^i.,_,.v (3-5) 

-.2 2 2> V2 """ 2 2' 



Then we need to extend the integration contour to an infinite line to make the Wick rotation 
possible with keeping the integral convergent. Note that the function In cos x has branch cuts 
between — ^ + 27r?7i < x < — f + lixm, {m G Z) on the real line. We so find that the contour 
should be set as in fig.2. 
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Figure 2: Branch cuts and contour 



For p > the integral can be calculated as follows 



dx[2cosx]-'P-^e''^'' 



■>o+ 



lim / dx [2 cos(x - ie)]-'P-^e''"' + lim / dx [2 cos(x + ie)]-'"-^ e''^'' 



0+ 



E 



.gi-Pgii-gw 



+ E( 

m=l 
1 



_g-'n'Pg«'r'7W 



1 -|- e-'^(p+*'?) 1 + e~'^(P~*'?) 



rfx(2cosx)-^P-^e^'?^ 



7rr(— zp) 



^f)r(i 



^2 2 2^" ^2 ' 2 "2> 



(3.6) 



The third line in (3.6) takes the form of the summation over the contribution of each hairpin 
brane located in the interval ^''"^"^ tt < a; < ^"^"^"^ tt. We can likewise calculate for p < and the 
result is summarized as follows; 



dx[2cosx]-'P-^e''^'' 

sgn(p) sinh(-7rp) 
2 cosh[f (p + tq)] cosh[f (p - iq)] '^ VU 



X 



7TT{—ip) 



(3.7) 



2 ^2) U "*" 2 ^2^ 



Note that the additional factor is an even function of p. Hence the derived wave function is 
compatible with the reflection relation in the M = 2 Liouville theory. 

Now, for — 1 < g < 1, we can Wick-rotate the contour C to the imaginary line {x = it) with 
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avoiding crossing the branch cuts; 








/>oo 

1 dt[2cosht]-'P-^e-'^^ 




J —ioo J 


— oo 




smh{iTp) 


-RT{—ip) 




2cosh[|(p + iq)] cosh[|(p - 


-^g)]r(i-f-z|)r(i + |- 


-1) 



(3. 



Since both sides of (3.8) are clearly analytic with respect to q around the imaginary line, the 
analytic continuation q = iuo can be performed. This continuation leads to ^ 



/oo 
dt[2cos\it\-'P-^e 
-oo 



ip—l—iu)t 



1 1 

+ 



1 _|_ g-7r(p+a;) ]_ _|_ g-7r(p-<^) 



X ^T. r^ .:_./' ,. , ^ (3.9) 



sinh(7rp) —i'KV{—ip) 



2 cosh[f (p + uj)] cosh[f (p - ^)] V[\ -\{p- uj)]V[\ -'i{p + u)\ 

It is remarkable that we now have an additional suppression factor which improves the UV 
behavior of uj. This is quite reminiscent of the one characteristic for the rolling tachyon solution 
(full s-brane) [1]. 

Finally, after restoring Q, we find that the rolling D-brane can be expressed in the momen- 
tum space as follows; 

^(NS)^„^) = -ISJTlhC-f) ^(NS)^ ) 

^^' ' 2 cosh[-|(p + u)] cosh[-|(p - Uj)] '' — ^^' ^^ 

-^v^Qe^ti-%inh(^) r(-^Qp)r(l-^|) ^^^^^ 



2 cosh[|(p + .;)] cosh[|(p - uj)] V{\ + z| - z|)r(i - z| - z|) 
Its absolute square is 

l^(NS). ^|2 ^ ^''^^^^) (3 11) 

' ^^'^' [cosh (2|£)+ cosh (^)] sinh(7rQp) • ^ ^ 

In the R sector the Wick rotation becomes a little bit different. If we substitute q = iu into 
the R wave function after the Wick rotation as we have just done, we obtain 

^P-^> cosh (2f ) - cosh (2f ) r (1 - if - i|) r HI + i|) ■ ^■'- > 

One of the easiest way to obtain this result is to substitute cuns = "^r ~ ^ into the NS wave 
function (3.10). Its absolute square is given by 

(R) 2 ^-P 2sinh(^) 
'^ ^^'''^' ^ Z7+^ [cosh (gf ) - cosh (gf )] sinh(7rQp) ' ^^'^^^ 



"^We have also checked the formula (3.9) numerically using MATHEMATICA. 
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The subtlety here is that we no longer have a sensible GSO projection for the open sector. 
Recalling the symmetry with respect to p and —p, we can rewrite this in a more suggestive 
form 

m^ o cu2 + p2 2sinh(^) 

' ^^' ^' iuj' -p^) [cosh {^)- cosh {'-f)]smh{7rQp)' ^ ' 

It is interesting to observe that the R sector has a singularity when p = ±uj i.e. in the case of 
the massless forward (and backward) emission from the rolling D-brane. 
Several comments are in order: 

1. The "time-like M = 2 Liouville theory" we are considering here is defined only by the Wick 
rotation of X with leaving (p space-like, and not accompanied by the analytic continuation of 
any parameter in the model (say, the background charge Q). This point is in a sharp contrast 
with the bosonic time-like Liouville theory [28, 29, 30], in which the time-like is considered 
and also the analytic continuation of the parameter is taken. 

2. As we already addressed, the boundary wave function (3.10) for the rolling D-brane we 
proposed includes a suppression factor for energy cu, which improves the UV behavior and 
reproduces the correct profile of rolling brane. Although this seems quite satisfactory, a subtlety 
now appears since this factor is an odd function of p. One may be afraid that it would contradict 
the reflection amplitude in the Liouville theory. However, it originates from the Wick rotation, 
namely, the factor sgn(p) in eq.(3.7) is canceled by the orientation of the Wick-rotated contour. 
We again stress that our boundary wave function is originally consistent with the reflection 
amplitude before performing the Wick rotation (recall (3.7)), and thus should be the correct 
one according to the spirit of Wick rotation. It may be interesting to further investigate whether 
such peculiarity is a general feature in the time-like A/" = 2 Liouville theory. 

3. The prefactor discussed above has the similar form to that for the rolling tachyon solution, 
as already mentioned. This fact reminds us of the interpretation of the rolling tachyon solution 
(with a certain coupling constant) as an array of the sD-branes on the imaginary time axis 
discussed in [1, 31, 32, 33]. It may be fascinating to ask whether the similar interpretation is 
possible for the rolling D-brane: the interpretation as an array of the infinite hairpin branes 
along the imaginary axis. 

4. Another natural question is whether the rolling brane boundary state (3.10) really satisfies 
the Cardy condition. It is not so difficult to confirm this is indeed the case among the rolling 
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branes themselves, as well as with arbitrary static branes that are trivial along the 0, X°- 
directions. However, if we consider the branes associated to degenerate representations in the 
time-like A/" = 2 Liouville theory here, the situation gets quite subtle. For example, one might 
consider the "time- dependent class 1 brane" (ZZ-type) associated to the identity representation 
[13, 14]. The overlap with it should satisfy the modular bootstrap equation. Unfortunately, it 
does not seem to be the case, since the prefactor considered here is not likely to be identified as a 
modular coefficient of any unitary representation of A/" = 2 SCA. However, we here note that the 
time-like characters of degenerate representations cannot completely cancel the contributions 
from the ghost oscillators due to the existence of singular vectors. From this fact, one can easily 
find that any time-dependent brane of a degenerate representation always include negative norm 
states in the open channel, even if it is a unitary representation. Hence, it is plausible to discard 
such time-dependent "degenerate" branes, and in this sense, our rolling brane (3.10) does not 
contradict the Cardy condition. Further studies would be needed for this issue. 



3.2 Open String Density of States and Closed String Emission 

By using the boundary wave functions we obtained (3.10), (3.12), we can evaluate the open 
channel density of states and the closed string emission rate in the rolling process. The density 
of states in the open channel is calculated in the same way as the previous analysis^ 

r'^ r°° 2sinh(^) 

p(^^)(p',cj') = du dp2cos{2TTpp')cos{2niuuj" ^^^ 



[cosh (^) + cosh (^)] sinh(7rQcu') ' 
for the NS sector by using the Fourier transformation formula; 



[cosh (^) + cosh {^)] smhiivQp) 

2sinh(^) 

^ 2 ^ (3.15) 



oo 



dk sinh(a7r) ^-^^ ^ sin(a7rx) 

27rcosh(/c) + cosh(a7r) sinh(7rx) 

It is amazing that the result is simply given by the exchange of momentum and energy of the 
closed channel amplitudes. This self-dual property of the amplitudes is peculiar to this function. 
At the same time, the result shows that our open channel density is manifestly positive definite 
as it should be. 



®The Gaussian integral of zero-mode along the time direction is apparently divergent due to its wrong sign in 
the exponent. Therefore, to perform such a modular transformation, we shall implicitly define it as an analytic 
continuation of the Euclidean calculation, or assume the Lorentzian signature worldsheet. 
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On the other hand, for the R sector or the open NS sector equivalently, the density of states 
has a divergence on the hght-cone direction uj = ±p. 



/CO /"OO 

diu / dp 2 cos{2Trpp') cos{2ttujuj') 
oo Jo 






la;2 



p2) [cosh (^) - cosh (^)] sinh(7rQj9) ' 



This divergence conies from the double pole of the absolute square of the boundary wave 
function, which is typical of the infrared divergence for the extending branes in the Liouville 
theories (FZZT-like branes). This fact suggests that our brane is extending along a non-compact 
direction and reaches the speed of light in the far past and future, as is expected. The reason 
why the NS amplitude, in contrast, does not have such a divergence is intuitively understood 
as follows: In the CHS background the string coupling tends to be stronger and stronger as the 
brane comes close to the NS5-brane. As a result, the tension of the brane gets smaller in the 
far past and future, and thus the gravitational interaction practically vanishes. On the other 
hand, the RR scattering does not damp because the coupling to the RR field does not depend 
on the value of the dilaton. Hence, in view of the RR field probe, the rolling brane is actually 
extending from the past to the future. 

The difference between the density of states in the open NS and NS sector obviously shows 
that our rolling brane is not supersymmetric nor GSO projected, as is expected since we started 
from the non-BPS hairpin brane (2.19). 

Now let us calculate the closed string emission rate. We again begin with the NS sector. 
Analysing the self-overlap and using the optical theorem, the emission rate for a fixed transverse 
mass M is evaluated in the similar manner to [32, 34] as 

-m«^ f°° dp 2sinh(^) , 

Ar(NS)(jvf) = / ^ ^^±- , Up = v/p2 + M2 . (3.18) 



cosh f^) + cosh {^)] sinh(7rQp) 
It is convergent if M^ > 0. On the other hand, for the R sector, the emission rate is given by 

m-HM) - r ^ rl^'l. ,. /^■°"'^>, , u, ^ ^¥^^ .(3.19) 



^v K^l - P^^ 



cosh r^) - cosh (^)] sinh(7rQp) 



This emission rate has a strong peak at the massless forward scattering M = 0,p = a;, but 
otherwise it is convergent. 

Let us evaluate the asymptotic behaviors of these emission rates in the large M limit. It 
is obvious that N^^^\M) and iV^^^(M) have the same asymptotic behaviors. We consider Dp- 
brane, which has d = 5 — p transverse directions to the D-brane in R^. Then the asymptotic 
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emission rate behaves as 



J Jo M 



N{M) ~ / d'k^ / ^ e(t-2)^-tVp^+^i+^^ ^ M^e-^-"Vi-^ , (3.20) 



where we used the saddle point approximation. The density of levels as a function of mass, 
however, is given by n{M) oc M~^e '" v ~~^, which is obtained by recalling Cefr = 12 — 3Q^ 
because of the linear dilaton background [35].^ Thus, the total emission rate becomes 

— -/ dMM~^"\ TT ~ / dMM-^ . (3.21) 

The total emitted energy has a power like divergence when p < 2. This fact contrasts with the 
UV finite brane decay in the bosonic linear dilaton background studied in [34], and rather leads 
us to the same behavior as the decay of the non-BPS brane in the flat Minkowski space [32]. ^° 
In this subsection we have discussed only the one closed string emission from the rolling 
brane. Owing to this limitation the rate of emission to the tangential direction to the brane van- 
ishes simply by the momentum conservation. In the processes of two or more string emissions, 
the amplitudes for the tangential emissions could be non-zero. However, from the experience in 
the two-dimensional string theories (see, e.g. [37, 38, 39, 40, 41]), we believe that the inclusion 
of these decaying modes does not improve the qualitative properties of the worldsheet analysis. 
The quantum treatment of the D-brane should be necessary in order to truly understand the 
fate of rolling D-brane. 



4 Summary and Discussions 



In this paper we studied a solution of time-dependent D-branes, the rolling D-branes, in 

the NS5 background by means of the BCFT approach. An interesting point addressed in [10] 

is that the rolling D-brane has similarities to the rolling tachyon, which suggests that the 

BCFT analysis is helpful for further studies. With this motivation, we have constructed the 

boundary state for the rolling D-brane. The Wick-rotated version of the rolling D-brane is a 

hairpin brane whose boundary state has been constructed in the bosonic theory in [11]. We can 

^The boundary state couples only to the left-rignt symmetric closed string states, so the asymptotic density 

of states needed here is the square root of the full closed string density of states as is pointed out in [36] . 
^°In [34] the emission rate does not depend on the background charge Q while the effective number of highly 

excited closed strings is reduced by the linear dilaton background. In our case, however, the emission rate 

compensates the density of states, canceling precisely the Q-dependence. 
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supersyminetrize the hairpin D-brane as the class 2 (FZZT) D-brane in A/" = 2 Liouville theory 
[13, 14]. This is quite natural because M = 1 Liouville theory is regarded as a supersymmetric 
extension of the sine-Liouville theory where the bosonic hairpin brane is considered in [11]. 

These hairpin D-branes can be embedded in the CHS background in two ways. When 
the direction of A/" = 2 f/(l)-current is set to be in the internal direction, i.e. S^ in S''^, the 
hairpin D-brane is a BPS one. We confirmed this fact by analysing explicitly the self-overlap of 
boundary states. On the other hand, when we choose the f/(l)-direction parallel to NS5 (and 
decompactify it), the hairpin D-brane breaks all supersymmetries. In this case we found the 
non- vanishing self-overlap which suggests that the two sides of hairpin looks like a Z?Z)-system 
in the asymptotic region. Moreover, this is a stable non-BPS brane. This fact is physically 
understood as follows: The Liouville interaction prevents the DD open strings from shrinking 
to the corner of the hairpin and the mass square of the tachyon modes actually gets positive. 

As the highlight of this work, we have proposed an appropriate way of the Wick rotation to 
the rolling D-brane. By performing the Wick rotation in the position space, we have arrived at 
a sensible boundary wave function that provides well-defined spectral densities of open string 
states. Furthermore, it successfully reproduces the correct trajectory of rolling D-brane under 
the classical limit. It is remarkable that our procedure of Wick rotation gives rise to the 
prefactor quite analogous to that for the rolling tachyon solution [1], which improves the UV 
behavior of the boundary wave function ^^. This fact is likely to support the similarity to the 
rolling tachyon recognized by Kutasov. This prefactor could be interpreted to originate from an 
infinite array of the Euclidean hairpin branes in the similar manner as the rolling tachyon case 
[1, 31, 32, 33]. We also calculated the closed string emission rate in both the NS and R sectors. 
The different behaviors of emission rates between the NS and R sectors have been found and 
explained from the physical viewpoints. 

We can easily extend our results to other non-trivial backgrounds, say, non-compact Calabi- 
Yau 3-folds, just by replacing the M = 2 minimal sector with other solvable superconformal 
models. The dual gauge theory or the LST interpretations of our results and their extension to 
various setups may be also interesting subjects which deserves further studies. It will be also 
important to extend our results to the rolling D-branes with non- vanishing angular momentum 
in S^ , which are also discussed in [10]. Recalling we can get the trajectory only by rescaling 
the time direction, we may construct the boundary states for these D-branes only by adding 
^^ Recently, an interesting prescription of analytic continuation to time-like theory in the rolling tachyon 
system has been discussed in [42] based on some matrix integral techniques. That prescription also gives rise 
to non-trivial suppression factors of energy that could improve the UV behaviors. It would be an interesting 
problem to explore a relation to the way of Wick rotation we made in this paper. We would like to thank V. 
Balasubramanian for informing us of the paper [42] . 
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a factor in front of the energy uj in the wave functions with some proper combinations of the 
Ishibashi states of SU{2). 

To conclude the whole paper, let us comment on the possible fate of the rolling D-brane. 
As we can see from the boundary states (or classical analysis), the rolling brane inevitably 
approaches the strong coupling region in the far past and future unlike the hairpin brane. This 
has a physical interpretation: It loses all the energy and eventually gets absorbed into the 
NS5-branes, making a bound state as was discussed in [10]. To capture this nonperturbative 
physics is beyond the scope of boundary state analysis. One possible approach to this problem 
may be to lift the whole setup to the M-theory (see [6] in the context of LST). Indeed, taking 
into consideration the success of M-theoretic approach to the nonperturbative physics involving 
the static NS5-brane and D-branes {e.g. Hanany-Witten setup), we expect this will be an 
interesting future direction worth pursuing. 
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Appendix A Note on A/^ = 2 Minimal Characters 



A simple way to realize the level k M = 1 minimal model (c = k/{k + 2)) is to use the 
Kazama-Suzuki coset — rr/i\^ • We then have the followinsr branching relation; 

£+m+se2Z 

X^'(r,^) = 0, for£ + m + sG2Z + l , (A.l) 



where x^ (t, z) is the spin £/2 character of SU{2)k] 

l,fc+2(T, 2;) — 6_£_i_fc+2 

©1,2(^,2) -e_i,2(r,2; 



^,.,,^_ .) = ^'"^:j:-!!:^;:rf''' - e cS(-)e„.(r, .) . (a.2) 

mGZ2fe 



The branching function Xmij^z) is explicitly calculated as follows ; 

X^'(t, z) = Y^ 4^i_,+4r(^)02m+(fc+2)(-.+4r),2fc(fc+2)(r, ^/(A; + 2)) . (A.3) 

rGZfe 

Then, the character formulae of unitary representations are written as 

ehfi(r, .) = x'^{r, z) - x^^(r, z) = -e--^g^P^|/^I^chf„^|, ^' ^ + ^ + ^ 

' (A.4) 

By definition, we may restrict to £ + m G 2Z for the NS and NS sectors, and to £ + m G 2Z + 1 
for the R and R sectors. It is convenient to define ch;'^'' (r, 2;) = unless these conditions for £, 
m are satisfied. Note the character identity ( "field identification" ) 

X-'C2{r,z) = x'^{T,z), (A.5) 



or equivalently. 



S-) (^ .^ _ .v.(-) 



chr,,™+fc+2(^> ^) = ^KL{r, z), {a = NS, R) 



chtV„.+fc+2(r, z) = -ch(:l(r, z), {a = NS, R) . (A.6) 
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